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Abstract-In this paper, we derive several existence results for the vector variational inequality 
problem. The work of this paper is a continuation of the work in [l] where generalized monotonicity 
is assumed. 
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1. INTRODUCTION AND PRELIMINARIES 
Recently vector variational inequalities have been introduced in a finite-dimensional Euclidean 
space [2]. Since then, Chen [3] and Chen and Yang [4] have intensively studied the vector 
variational inequalities in abstract spaces. 
Let X be a Banach space. A nonempty subset P of X is called a convex cone if tP c P for 
all t > 0 and P + P = P. The partial order 5 on X induced by a pointed cone is defined by 
declaring x 5 y if and only if y - x E P for x, y E X, and in this case P is called a positive cone 
in X. Furthermore, if such a partial order is induced by a convex cone, it is called a linear order. 
An ordered Banach space is a pair (X, P) where X is a real Banach space and P is a pointed 
convex cone with linear order induced by P. The weak order # on ordered Banach space (X, P) 
with int P # fl is defined as x # y if and only if y - x $ int P for x, y E X where “int” denotes 
the interior. 
Let X and Y be real Banach spaces. L(X, Y) is the space of all bounded linear mappings from 
X into Y. We denote by (1,x) the value of 1 E L(X,Y) at x E X. Let K be a nonempty closed 
convex subset of X,T : K -+ L(X, Y) and C : K -+ 2y be such that C(x) is a closed convex 
pointed cone of Y with int C(z) # 0 for all x E K. 
In this paper, we consider the vector variational inequality problem (VVIP) that is to find 
x E K such that 
(TX, y - x) $ -int C(x) for all y E K. 
This problem has been investigated by Chen [3] and Yu and Yao [l]. When C(x) = P for all 
x E K and (Y, P) is an ordered Banach space with weak order, (VVIP) becomes (VVIP)K [4], 
that is to iind x E K such that 
W,Y-2) $0 for all y E K. 
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COROLLARY 2.3. Let X and Y be real Banach spaces. Let K be a nonempty weakly compact 
convex subset of X. Let C : K + 2y be such that for each x E K, C(x) # is a closed convex 
cone with nonempty interior, and W : K + 2y be defined by W(x) = Y \ (-int C(x)) such that 
the graph of W is weakly closed in X x Y. Let T : K + L(X,Y) be continuous from the weak 
topology of K to the norm topology of Y. Then there exists x0 E K such that 
(Txo, x - x0) $ -int C(XO), for all x E K. 
PROOF. It suffices to check that for each x E K, the mapping y H (Ty, x - y) is continuous from 
the weak topology of K to the weak topology of Y. To this end, let x E K be arbitrary but fixed 
and let T, : K --+ Y be defined by T,y = (Ty,x - y) for each y E K. Let {ya} be any net in K 
converging weakly to some y E K. By the assumption, we have /ITy, - Tyyll_qx,y) --+ 0. Since 
the net {yol} is weakly convergent it is bounded. Therefore, 
IPya - TY,Y, - x>I I IITY, - TYIIL(x,Y)IIY~ - xllx -+ 0 
and hence (Ty, - Ty,y, - x) converges weakly to 0 in Y. On the other hand, as Ty E L(X,Y), 
Ty is continuous from the weak topology of X to the weak topology of Y [7]. Thus, (Ty, z - ya) 
converges weakly to (Ty, x - y) in Y. Consequently, the net 
converges weakly to (Ty, x - y) = T,y in Y. Hence the operator T, is continuous from the weak 
topology of K to the weak topology of Y. The result then follows from Theorem 2.2. 
From Corollary 2.3, we have the following results. 
COROLLARY 2.4. Let X be a real Banach space and (Y, C) be an ordered Banach space where 
C is a closed convex cone in Y with nonempty interior such that Y \ (-int C) is weakly closed. 
Let K be a nonempty weakly compact convex subset of X and T : K -t L(X, Y) be continuous 
from the weak topology of K to the norm topology of Y. Then there exists x0 E K such that 
(Txo, 2 - xo) SC 0, for all x E K. 
Letting Y = R, then L(X,Y) = X*, the topological conjuate dual of X and C = [O,oo] in 
Corollary 2.4, we then have the following result for the scalar variational inequality problem. 
COROLLARY 2.5. Let X be a real Banach space. Let K be a nonempty weakly compact convex 
subset of X and T : K -+ X* be continuous from the weak topology of K to the norm topology 
of X*. Then there exists x0 E K such that 
(Txo, x - 50) 2 0, for all x E K. 
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